In this paper, the composition of Bhargava's cubes is generalized to the ring of integers of a number field of narrow class number one.
ring (i.e., u ∈ O K with N K/Q (u) = 1), and the subgroup of totally positive units (i.e., u ∈ U K such that σ i (u) > 0 for all 1 ≤ i ≤ r).
Furthermore, let us fix a number field L such that L is a quadratic extension of K. The Galois group Gal(L/K) has two elements; we write α for the image of α ∈ L under the action of the nontrivial element of this Galois group.
2.1. The ring O L . It is known that, as K is of narrow class number one, the ring O L is a free O K -module and O L = [1, Ω] OK for a suitable Ω ∈ O L (see [10, Cor. p. 388] and [9, Prop. 2.24] ); for simplification, we will omit the index and write just O L = [1, Ω] . Let x 2 + wx + z be the minimal polynomial of Ω over O K and set D Ω = w 2 − 4z; then, without loss of generality,
,
and consequently D Ω = Ω − Ω 2 .
As the discriminant of a quadratic form, the element D Ω may not necessarily be square-free, but it is "almost square-free"; in fact, it is fundamental (see [ Obviously, L = K √ D Ω ; if d ∈ O K is another fundamental element satisfying L = K( √ d), then d = u 2 D Ω for some u ∈ U K (see [16, Lemma 2.3] ).
Quadratic forms.
Under a quadratic form we understand a homogeneous polynomial of degree 2 with coefficients in O K , i.e., Q(x, y) = ax 2 + bxy + cy 2 with a, b, c ∈ O K . By Disc(Q) we denote the discriminant of the quadratic form Q, i.e., Disc(Q) = b 2 −4ac.
A quadratic form Q(x, y) = ax 2 + bxy + cy 2 is called primitive if gcd(a, b, c) ∈ U K . We say that two quadratic forms Q(x, y) and Q(x, y) are equivalent if there exist p, q, r, s ∈ O K satisfying ps − qr ∈ U + K and a totally positive unit u ∈ U + K such that Q(x, y) = uQ(px + qy, rx + sy); we denote this by Q ∼ Q. Under this definition, the discriminants of equivalent quadratic forms may differ by a square of a totally positive unit; therefore, we will consider all primitive quadratic forms with discriminants in the set D = u 2 Ω − Ω 2 u ∈ U + K modulo the equivalence relation defined above:
Q D = Q(x, y) = ax 2 + bxy + cy 2 a, b, c ∈ O K , gcd(a, b, c) ∈ U K , Disc(Q) ∈ D ∼ .
2.3. Ideals and orientation. Not only the whole ring O L , but also all the (fractional) O L -ideals have an O K -module basis of the form [α, β] for some α, β ∈ L. In the following, the word "ideal" will generally stand for a fractional ideal while to the usual meaning we will refer as to the "integral ideal". If I = [α, β] is an ideal in O L , then there exists a 2 × 2 matrix M consisting of elements of K such that (2.2) α α β β = M · 1 1 Ω Ω .
Then 
Note that this ideal has to be principal (because O K is a principal ideal domain); it is generated by det M (see [8, Th. 1] ). 1 Obviously N L/K ((α)) = N L/K (α) .
For a ∈ K write sgn(a) = (sgn(σ 1 (a)), . . . , sgn(σ r (a))).
Since for the principal ideal generated by γ ∈ L holds that (γ) = [γ, γΩ], it is easy to check that the oriented ideal determined by the principal ideal (γ) is equal to (γ) ; sgn (γγ) = ((γ); sgn(σ 1 (γγ)), . . . , sgn(σ r (γγ))) .
Note that, for any given O L -ideal I and any choice of ε i ∈ {±1}, 1 ≤ i ≤ r, it is possible to find an O K -module basis [α, β] of I (with the corresponding matrix M ) such that sgn σ i (det M ) = ε i for all 1 ≤ i ≤ r (because there exist units of all signs in K). We call (I; ε 1 , . . . , ε r ) an oriented ideal, and we set
Further we define the relative oriented class group of the field extension L/K as
where the multiplication on I o L/K is defined componentwise as (I; ε 1 , . . . , ε r ) · (J; δ 1 , . . . , δ r ) = (IJ; ε 1 δ 1 , . . . , ε r δ r ) .
The following lemma describes the inverses: Under this bijection, Q D carries a group structure arising from the multiplication of ideals in K √ D . The identity element of this group is represented by the quadratic form Q id = x 2 − (Ω + Ω)xy + ΩΩy 2 , and the inverse element to ax 2 + bxy + cy 2 is the quadratic form ax 2 − bxy + cy 2 .
Cubes over O K
Bhargava [1] introduced cubes of integers as elements of 
In this section, we generalize these to number fields:
, this time taking the tensor product over the ring O K , and represent its elements as cubes with vertices a ijk ∈ O K . We will often refer to such a cube as in (3.1) shortly by (a ijk ) tacitly assuming a ijk ∈ O K for all i, j, k ∈ {1, 2}.
Considering a cube it can be sliced in three different ways, which correspond to three pairs of 2 × 2 matrices:
To each of these pairs, a binary quadratic form Q i (x, y) = − det (R i x − S i y) can be assigned:
Formally, we will look at the assignment of the triple of quadratic forms (3.3) to the cube (3.2) as a map Θ:
One can compute that all the quadratic forms in (3.3) have the same discriminant, namely
for every i = 1, 2, 3. Hence, we can define the discriminant of a cube A as the discriminant of any of the three assigned quadratic forms; we denote this value by Disc(A). Furthermore, we say that a cube is projective if all the assigned quadratic forms are primitive.
Consider the group
denotes the group of 2 × 2 matrices with entries from O K . This group has a natural action on cubes: If ( p q r s ) is from the i-th copy of M 2 (O K ), 1 ≤ i ≤ 3, then it acts on the cube (3.2) by replacing (R i , S i ) by (pR i + qS i , rR i + sS i ). Note that the first copy acts on (R 2 , S 2 ) by column operations, and on (R 3 , S 3 ) by row operations. Hence, analogous to the fact that row and column operations on rectangular matrices commute, the three copies of M 2 (O K ) in Γ commute with each other. Therefore, we can always decompose the action by T 1 × T 2 × T 3 ∈ Γ into three subsequent actions:
Thus, we will usually restrict our attention to the action with only one nontrivial copy. Consider the action by ( p q r s ) × id × id on the cube (3.2); the resulting cube is
. We can see that
Furthermore, for t ∈ O K , we understand by tA the cube A with all vertices multiplied by t. It is clear that Disc(tA) = t 4 Disc(A). We can summarize our observations into the following lemma.
Then Γ acts on cubes. It follows from the computations above that, for
give rise to equivalent triples of quadratic forms. This justifies the following definition. Definition 3.2. We say that two cubes A and A ′ are equivalent (which will be denoted by
Let us recall that we denote by D the set of all possible discriminants, i.e., the set
We will denote by C D the set of equivalence classes of projective cubes of discriminant in D, i.e.,
Note that if A is a representative of an equivalence class in C D , then the three quadratic forms assigned to the cube A are representatives of equivalence classes in Q D ; hence, the map Θ restricts to a map Θ :
To relax the notation, we will often omit to write the equivalence classes; under A ∈ C D we understand the cube A which is a representative of the class [A] in C D , and Θ(A) = (Q 1 ,
The following lemma will help us to simplify some of the proofs. We will point out one specific cube, and that is the cube
since this cube is triply symmetric, all the three quadratic forms assigned to this cube are equal to Q id (x, y) = x 2 − Ω + Ω xy + ΩΩy 2 , the representative of the identity element in the group Q D . Therefore, we will denote the cube in (3.5) by A id .
Composition of binary quadratic forms through cubes
Bhargava [1, Sec. 2.2] establishes Cube Law, which says that the composition of the three binary quadratic forms arising from one cube is the identity quadratic form. He shows that, in the case of projective cubes, this law is equivalent to Gauss composition by using Dirichlet's interpretation. In our case, the coefficients of the quadratic forms lie in O K instead of Z, and hence we are not allowed to use Dirichlet composition without reproving a generalized version. Instead of following this path, we will use the bijective maps Ψ and Φ between Q D and Cℓ o L/K from Theorem 2.3, and show that the product of the three obtained ideal classes is a principal ideal class.
Then there exists an element ω ∈ L such that J 1 J 2 J 3 = (ω) ; sgn (ωω) .
Proof. Using Lemma 3.3, we can assume that A is reduced. Hence, the quadratic forms arising from this cube are
all of them having discriminant D = h 2 + 4df g. Their images under the map Ψ are the oriented ideals (4.2)
; sgn (−d) ,
; sgn (−g) ,
; sgn (−f ) .
Denote by J the product of the three (unoriented) ideals; from the multiplictivity of the relative norm follows
. We will show that J = (ω) = [ω, ωΩ] OK ; by [8, Cor. to Th. 1], it is sufficient to prove that ω ∈ J (because then necessarily ωΩ ∈ J as well) and that N L/K (ω) = −df g.
The latter is clear since N L/K (ω) = 1 4 (h 2 − D) and D = h 2 + 4df g. To show that ω ∈ J, first note that
where we have used the relations
Set G = gcd(df, dg, f g, dh, f h, gh, h 2 ); we want to show that G is a unit, because then necessarily ω ∈ J. It follows from primitiveness of the quadratic forms in (4.1) that gcd(d, f, g, h) = 1; therefore, G = gcd(df, dg, f g, h). Let p ∈ O K be a prime dividing G. Since the quadratic form Q 1 is primitive and p divides both f g and h, we have that p ∤ d. But as p | df , it has to hold that p | f . Therefore, p | gcd(f, h, dg) = 1, and hence both p and G are units.
As a consequence of this lemma, we get a new description of the composition of quadratic forms. 
is a principal ideal. Therefore, by Theorem 2.3,
i.e., Q 1 Q 2 Q 3 is a representative of the identity element of the group Q D .
Composition of cubes
In this final section, we use the prepared tools to equip the set C D with a group law. 5.1. Balanced ideals. We devote this subsection to the other side of the seeking correspondence: balanced triples of ideals. We will show that there are essentially three equivalent views on such a triple.
Let I i = I i ; sgn (det M i ) , 1 ≤ i ≤ 3, be oriented O L -ideals. We say that the triple (I 1 , for any choice of the representatives. Again, the set of all such triples forms a group; we will denote this group by T rip Cℓ o L/K , i.e.,
We will show that these two groups, Bal Cℓ o L/K and T rip Cℓ o L/K , are naturally isomorphic.
Proposition 5.1. The maps
are mutually inverse group homomorphisms.
Proof. We only need to check that the maps are well-defined; the rest is clear.
We start with the map ϕ 1 : If a triple (I 1 , I 2 , I 3 ) is balanced, then by the definition I 1 I 2 I 3 is the principal oriented ideal (O L ; +1, . . . , +1). If we have two representatives of the same class in Bal Cℓ o L/K , (
. To show that ϕ 2 is well-defined, assume that the oriented ideals J 1 , J 2 , J 3 satisfy J 1 J 2 J 3 = (ω) ; sgn (ωω) ; then 1 ω J 1 J 2 J 3 = (O L ; +1, . . . , +1). The definition of ϕ 2 does not depend on the choice of the generator ω of the principal ideal, because any other generator has to be of the form µω with µ ∈ U L and N L/K (µ) ∈ U + K , and
Therefore, the map ϕ 2 does not depend on the choice of the representative, and so it is well-defined. 
is a group isomorphism, because for given [J 1 ] and [J 2 ], the equivalence class [J 3 ] is given uniquely as (J 1 J 2 ) −1 .
5.2.
From ideals to cubes. Finally, we have prepared all the ingredients, and so we can start with the construction of the correspondence between cubes and ideals. As the first step, we will build (an equivalence class of) a cube from a balanced triple of ideals.
In this section, we will closely follow the ideas of If α = a + bΩ for some a, b ∈ K, then the definition of τ says that τ (α) = b. It follows that τ is additive: For any α, β ∈ L, it holds that
Furthermore, note that if [α, β] ; sgn (det M ) is an oriented ideal, then we can express det M as τ (αβ). For an oriented ideal, we will often write [α, β] instead of [α, β] ; sgn (det M ) , the orientation of the ideal implicitly given. We would like to construct a cube from a given balanced triple of oriented ideals. Consider the following map:
(on both sides, the equivalence classes are omitted). The aim of this section is to prove that this map is well-defined. First, we will show how an action by Γ on bases of triples of ideals translates to an action on cubes.
under the map Φ ′ , then the image of
under the map Φ ′ is the cube
Proof. We will consider only the pair of balanced 
for any j, k ∈ {1, 2}. Therefore,
In the case over Z, Bhargava [1] says (in the proof of Theorem 11) that if the balanced triple of ideals is replaced by an equivalent triple, the resulting cube does not change. That is not completely true; as we will prove, the two resulting cubes indeed lie in the same equivalence class. But they do not necessarily have to be the same, as shows the following example. Proof. First, we will prove that Φ ′ does not depend on the choice of the bases of the oriented ideals. If [ω 1 , ω 2 ] and [pω 1 + rω 2 , qω 1 + sω 2 ], p, q, r, s ∈ O K , are two bases of the same oriented ideal (in particular, with the same orientation), and M , M , resp., the corresponding matrices, then det M = (ps−qr) det M and sgn det M = sgn (det M ); thus necessarily ps − qr ∈ U + K . Hence, consider a balanced triple [α 1 , α 2 ], [β 1 , β 2 ], [γ 1 , γ 2 ] , and let [p 1 α 1 +r 1 α 2 , q 1 α 1 +s 1 α 2 ], [p 2 β 1 +r 2 β 2 , q 2 β 1 +s 2 β 2 ], [p 3 γ 1 +r 3 γ 2 , q 3 γ 1 +s 3 γ 2 ] be the same balanced triple with other choices of bases. Then p i s i − q i r i ∈ U + K , 1 ≤ i ≤ 3, and it follows from Lemma 5.3 that the images of these two balanced triples under the map Φ ′ are equivalent cubes. Now, let B = (I 1 , I 2 , I 3 ) and B ′ = (I ′ 1 , I ′ 2 , I ′ 3 ) be two equivalent balanced triples. First, assume that I 2 = I ′ 2 and I 3 = I ′ 3 ; then there exists µ ∈ U L with N L/K (µ) ∈ U + K and I ′ 1 = µI 1 . If I 1 = [α 1 , α 2 ] ; sgn (det M 1 ) , then I ′ 1 = [µα 1 , µα 2 ] ; sgn (det M 1 ) , and there exist p, q, r, s ∈ O K such that µα 1 = pα 1 + rα 2 and µα 2 = qα 1 + sα 2 . Comparing the two expressions of the norm of I ′ 1 regarding the bases [µα 1 , µα 2 ] and [pα 1 + rα 2 , qα 1 + sα 2 ], we get that
hence, ps − qr = N L/K (µ), and thus ps − qr ∈ U + K . By the first part of the proof, the images of (I 1 , I 2 , I 3 ) and (µI 1 , I 2 , I 3 ) are equivalent cubes.
Finally, consider the general case: Assume
, which is equivalent to Φ ′ (B) by the previous part of the proof, because κ 1 κ 2 κ 3 is a unit in L of a totally positive norm. Then there exists u ∈ U + K such that det M 1 det M 2 det M 3 = u. Moreover, recall that
It follows from Lemma 5.3 that
Therefore, by Lemma 3.1, the discriminant of the cube Φ ′ (B) is equal to
and thus Disc Φ ′ (B) ∈ D.
It remains to prove that the cube Φ ′ (B) is projective. If the cube Φ ′ (B) were not projective, then all the coefficients of the three assigned quadratic forms would be divisible by a prime p ∈ O K (in fact, by a square of a prime), and Disc Φ ′ (B) u 2 p 2 = DΩ p 2 would be a quadratic residue modulo 4 in O K ; that would contradict the fact that D Ω is fundamental.
From cubes to ideals.
As the second step in the construction of the correspondence, we need to recover a balanced triple of oriented ideals from a given cube (a ijk ). For this purpose, Bhargava [1, Proof of Thm. 11] solves a system of equations
with indeterminates α i , β j , γ k , c ijk . That is computationally difficult with a ijk ∈ Z already, 2 and we will not follow this path. Instead of that, we will use our results from Theorems 2.3 and 4.2, i.e., the bijection (group isomorphism) between Cℓ o L/K and Q D , and the fact that the composition of the three quadratic forms arising from one cube lies within the same class as Q id ; denote Proposition 5.7 was the last missing piece to close the cycle of maps as illustrated in Figure 1 . Going around the cycle in the diagram, we can formally define a map
where Q 1 , Q 2 (and Q 3 ) are the quadratic forms arising from the cube A. This map is well-defined, because all the maps on the way are well-defined.
Conclusion.
At this point, just one last step is remaining, and that is to prove that both Ψ ′ Φ ′ and Φ ′ Ψ ′ are the identity maps. It is clear from Figure 1 that the map Ψ × Ψ × Ψ (and also the map Φ × Φ × Φ) provide a group isomorphism between T rip Cℓ o L/K and T rip (Q D ). In Figure 2 , we provide a simplification of the diagram displayed in Figure 1 . Figure 2 . Simplified diagram of the construction of the map Ψ ′ .
Proof. First, note that by using the result of Lemma 4.1 and the isomorphism ϕ 2 from Proposition 5.1, we could have defined the map Ψ ′ equivalently as
the situation is depicted in Figure 3 . Figure 3 . Situation in the proof of Proposition 5.8.
Let A be a representative of a class in C D . By Lemma 3.3, we can assume without loss of generality that A is reduced, i.e., Then ρ 1 (B) is equal to
Let us compute ρ 2 (B). Recall that Φ ′ (B) = τ (α i β j γ k ) and τ (α) = α−α Ω−Ω ; for ζ ∈ L, set
Note that G(γ 1 ) is the upper face of the cube τ (α i β j γ k ) , and G(γ 2 ) is the lower face; hence, if Q 3 denotes the third quadratic form assigned to this cube, it holds that
Therefore,
Since B is a balanced triple of ideals, there exists a totally positive unit u ∈ U + K such that det M 1 det M 2 det M 3 = u. Thus, we can rewrite the expression (5.4) as
Similarly, we can prove that
Thus,
comparing with (5.3), we see that ρ 1 (B) = ρ 2 (B).
We can summarize our results; we need the term fundamental element, which we have introduced in Definition 2.1.
Theorem 5.10. Let K be a number field of narrow class number one. Let D be a fundamental element of O K . Set L = K √ D , and D = u 2 D | u ∈ U + K . Then we have a bijection between C D and Bal Cℓ o L/K given by the map Φ ′ defined in (5.1) (equivalently by the map Ψ ′ defined in (5.2)).
Proof.
Let Ω be such that O L = [1, Ω]; similarly as in the proof of Theorem 2.3 we can assume without loss of generality that D = D Ω . In Propositions 5.8 and 5.9, we have proved that Φ ′ and Ψ ′ are mutually inverse bijections. The inverse element to (a ijk ) is (−1) i+j+k (a ijk ) , i.e.,  such that Φ ′ (B) = (a ijk ), i.e., a ijk = τ (α i β j γ k ), 1 ≤ i, j, k ≤ 2. It follows from Lemma 2.2 that the balanced triple to B is B −1 = I 1 , I 2 , I 3 , where
; sgn (det M 1 ) ,
; sgn (det M 2 ) ,
Multiplying the cube by u, we get an equivalent cube (−1) i+j+k+1 τ α i β j γ k ; hence, we have to compute τ α i β j γ k . If we write α i β j γ k = c ijk + a ijk Ω, for some c ijk ∈ O K , 1 ≤ i, j, k ≤ 2, then α i β j γ k = c ijk + a ijk Ω.
Since Ω = −w+ √ DΩ 2 , we have that Ω = −Ω − w; therefore, α i β j γ k = (c ijk − a ijk w) − a ijk Ω, and τ α i β j γ k = (−a ijk ).
It follows that the cube Φ ′ B −1 is equivalent to the cube (−1) i+j+k a ijk .
Together with the isomorphisms we have known before, we have proved the following corollary.
Corollary 5.12. The groups C D , T rip (Q D ) and Cℓ o L/K × Cℓ o L/K are isomorphic.
We have actually proved even more; see Figure 5 . 
